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Abstract The equivalent permeability, k®? of stratified fractured porous rocks and its anisotropy is impor-
tant for hydrocarbon reservoir engineering, groundwater hydrology, and subsurface contaminant transport.
However, it is difficult to constrain this tensor property as it is strongly influenced by infrequent large
fractures. Boreholes miss them and their directional sampling bias affects the collected geostatistical data.
Samples taken at any scale smaller than that of interest truncate distributions and this bias leads to an incor-
rect characterization and property upscaling. To better understand this sampling problem, we have investi-
gated a collection of outcrop-data-based Discrete Fracture and Matrix (DFM) models with mechanically
constrained fracture aperture distributions, trying to establish a useful Representative Elementary Volume
(REV). Finite-element analysis and flow-based upscaling have been used to determine k° eigenvalues and
anisotropy. While our results indicate a convergence toward a scale-invariant k! REV with increasing sam-
ple size, k® magnitude can have multi-modal distributions. REV size relates to the length of dilated fracture
segments as opposed to overall fracture length. Tensor orientation and degree of anisotropy also converge
with sample size. However, the REV for k®@ anisotropy is larger than that for k* magnitude. Across scales,
tensor orientation varies spatially, reflecting inhomogeneity of the fracture patterns. Inhomogeneity is par-
ticularly pronounced where the ambient stress selectively activates late- as opposed to early (through-
going) fractures. While we cannot detect any increase of k® with sample size as postulated in some earlier
studies, our results highlight a strong k®? anisotropy that influences scale dependence.

1. Introduction

Understanding the impact of fractures on the flow properties of layered sedimentary rocks in the subsurface
(1-5 km depth), is important not only because more than 50% of the world’s remaining conventional oil res-
ervoirs are hosted by naturally fractured [Roehl and Choquette, 1985; Pirker et al., 2008; Tran, 2009], but also
because production of coal seam gas, coal bed methane or shale oil would not be possible in the absence
of fractures [e.g., Turcotte et al., 2014]. Moreover, fractured sedimentary rocks are good candidates for geo-
logical carbon sequestration [Annewandfter et al., 2013; Ringrose et al., 2013].

The flow properties of subsurface strata are usually inferred from information collected on a wide range
of length scales, from the centimeter scale (e.g., core samples) over the well log [Wu and Pollard, 2002] to
the kilometer scale (e.g., seismic studies). Since fracture length cannot be measured in borehole, such
measurements require length-frequency distributions from outcrops [e.g., Bonnet et al., 2001]. These are
either power law or follow a negative exponential [Bonnet et al., 2001; Olson, 2003]. Given this (pseudo)
fractal nature, it is questionable that an REV concept can be applied. Even raw fracture density estimates
are somewhat arbitrary as they strongly depend on where the lower cut-off value imposed on fracture
length is set.

Highly resolved well data are nevertheless sparse and computational constraints demand that property
modeling is carried out on the scale of structured simulation grids (typical cell size ~10-300 m). Volumetric
averaging yields equivalent properties on this scale. More sophisticated “flow-based” upscaling methods
compute the equivalent permeability, ascertaining that each grid block behaves similar to the underpinning
fine-scale model if similar boundary conditions are imposed [e.g., Durlofsky, 1991]. For fractured imperme-
able rock masses the resultant equivalent permeability is estimated from stochastic Discrete Fracture Net-
work (DFN) models. For fractured permeable rocks Discrete Fracture and Matrix (DFM) models informed by
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Figure 1. Variation of hydraulic conductivity with sample size as determined from different
types and length scales of measurements carried out on fractured and karstified carbonate
rocks in the Swiss Jura mountains [Kiraly, 1975]. Dotted lines give qualitative estimates on

statistics extracted from well
logs and cores represent a
superior alternative because
they also consider the interac-
tions of the fractures with the
rock matrix [Min et al, 2004;
Ahmed-Elfeel and Geiger, 2012].

Homogenization techniques try
to model the heterogeneous
medium as a simpler equivalent
continuous medium. This sim-
plification is assumed valid at a
scale much larger than that of
the heterogeneities [Auriault
et al, 2009]. Numerous other
upscaling techniques have been
proposed and analyzed [e.g., Qi
and Hesketh, 2005, and referen-

observed value distributions. )
ces therein]. They all assume

that it is possible to perform such a separation of length scales, and that there is a Representative Elemen-
tary Volume (REV): a sample size above which the measured values of the property neither vary significantly
from sample to sample nor change if sample size is further increased [Bear, 1972]. Qi and Hesketh [2005]
stress that the REV imposes a field-data based selection criterion for the upscaling method of choice. Find-
ing such an REV for the permeability of fractured sedimentary rocks is not trivial: permeability values often
vary by many orders of magnitude between wells or even along them [Aguilera, 1995; Nelson, 1985]. Already
in 1975, Kiraly compiled field evidence that the permeability of fractured limestones appears to vary with
scale (Figure 1). He argued that this is due to nested geologic features with scale variant properties (pores/
micro fractures, macro fractures and karst, faults).

Since then, many researchers have observed such a dependence [Brace, 1984; Neuman, 1994; Hsieh, 1998;
Schulze-Makuch et al., 1999; Martinez-Landa and Carrera, 2005]. Neuman [1994] fitted a power law to the scaling
he obtained from hydraulic tests from a number of sites described in Gelhar [1993]. Schulze-Makuch et al.
[1999] noticed a similar relationship up to an intermediate volume scale (10* m3). In their investigation of 39
different lithotypes the documented permeability increase with scale was most prominent in the fractured
ones and absent only from nearly homogeneous quartz sandstones with an REV at the laboratory specimen
scale (10~ * m?). These findings are corroborated by the pulse-, recovery-, cross-hole-, and inflow tests of Marti-
nez-Landa and Carrera [2005] carried out on fractured granite during the FEBEX experiment at the Grimsel Pass
underground laboratory in Switzerland. There, equivalent permeability increases with analyzed rock volume.

A scale dependent equivalent permeability has also been observed in DFN/DFM models [Long et al., 1982;
Min et al., 2004; Bogdanov et al., 2007]. Long et al. [1982] report that samples smaller than the length of the
fractures, indicate a homogeneous, yet anisotropic medium. With increasing sample size, the permeability
becomes less predictable and tensor measurements indicate anisotropy. Min et al. [2004] show that the vari-
ance of computed permeability components decreases with scale, hinting at the existence of an REV.

Renshaw and Park [1997] highlight fracture aperture as an additional important parameter that shows a
complex dependence on fracture length, orientation, state of stress, fluid pressure and the mechanical
properties of the fractured rock. In most published stochastic modeling studies, however, aperture is treated
as constant [e.g., Hardebol et al., 2015]. Where it is varied with fracture length, this pre-imposes a scale vari-
ance. There are several studies that address the impact of geo-mechanical aperture on equivalent perme-
ability [Paluszny and Matthai, 2010; Nick et al, 2011; Bisdom et al., 2016a, 2016b, 2016c]. Yet they do not
consider the full tensor of equivalent permeability and its potential variation with direction and scale.
Recently, Bisdom et al. [2017] also introduced a workflow for integrating geo-mechanics and full-tensor per-
meability calculations into outcrop modeling studies. Arguably, these studies may not have investigated
sufficiently large samples of the fracture population to reproduce the statistics seen in the field [Paluszny
and Matthai, 2010; Nick et al., 2011; Bisdom et al., 2016a, 2016b, 2016c]. While studies like Bogdanov et al.
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[2007] and Chen et al. [2015] address the upscaling of the fracture-matrix ensemble, the impact of a variable
fracture aperture on permeability anisotropy and its potential variation with scale and the state of stress has
yet to be clarified.

This study applies fracture-and-permeable-rock-matrix numerical analysis [Bogdanov et al., 2007; Matthai
and Belayneh, 2004], later termed Discrete Fracture and Matrix (DFM) method [e.g., Ahmed-Elfeel and Geiger,
2012, Lang et al., 2014] to investigate the anisotropy and potential scale dependence of the equivalent per-
meability of layered fractured sedimentary rocks. For this purpose, a spectrum of complex natural fracture
patterns has been reproduced in highly detailed finite-element DFMs. Plausible in situ fracture aperture dis-
tributions were computed using the Barton and Bandis mechanical model [Barton and Choubey, 1977; Bar-
ton and Bandis, 1982; Bandis et al., 1983; Barton et al., 1985]. The flow-based upscaling approach developed
by Durlofsky [1991] is used herein to compute equivalent permeability tensors for the complex natural frac-
ture patterns. This is followed by REV analysis based on a new sampling technique that will be explained in
the methodology.

The novelty of this study can be summarized as: (1) a new stress-induced aperture modeling that allows
aperture (therefore fracture permeability) to vary along (curved) fractures, (2) a new sampling and REV anal-
ysis technique, (3) the first multi-scale plots of permeability tensors juxtaposed on fracture permeability
maps, illustrating the strong anisotropy of naturally fractured rocks and the spatial variation of tensor
orientation.

The paper proceeds as follows: first, the characteristics of the permeability tensor in naturally fractured
porous media are reviewed. Second, the aperture modeling is presented. Third, the governing equations
and boundary conditions used in the finite element analysis are explained, followed by the sampling and
the equivalent permeability calculation procedures. A verification of these methods are added. The method-
ology is followed by a description of the outcrop models. While key results are reported in the body of this
paper, a digital appendix provides the full suite of simulation results.

2. Methodology

This study focuses on permeable layered sedimentary rocks with open natural fractures mapped in outcrops
in two dimensions. We ignore stereological effects [cf. Darcel et al., 2003] because the majority of fractures
in the studied horizontal pavements dip perpendicular to bedding, fully penetrating the sedimentary layers.
Thus, the fractures are largely bed confined intersecting only the single layer. Also, fracturing is restricted to
brittle layers sandwiched between more shale-rich layers above and below. In this scenario, fluid flow is
largely confined to the fractured beds.

To build the flow models, fracture line tracings were converted into 3"-order Non-Uniform-Rational B-Spline
curves (NURBS) because these are well suited for spatially adaptive meshing. These curves and their inter-
section points define the input geometry for finite-element meshing carried out with a commercial software
package, creating constrained conforming triangulations with discrete (lower-dimensional) line-element
representations of the fractures. The spatially adaptive refinement was used to keep element numbers
down while capturing the intricate patterns with more than 1000 fractures per model, see below. The Com-
plex Systems Modeling Platform (CSMP+ +) [Matthai et al., 2007] was used to calculate pressure and veloc-
ity fields on these meshes using the Bubnov-Galerkin finite-element method, see Matthai and Belayneh
[2004].

2.1. Fracture Aperture and Permeability Calculation
The permeability of the rock matrix, kn, is treated as constant and isotropic. Although rarely constant, fixing
km helps to discern fracture related inhomogeneity. The permeability of each fracture segment (every single
finite element that represents a fracture) is computed from its aperture, a, by the parallel plate law [Snow,
1969]
2
a
kf=— 1
=13 1M
This is suitable for the calculation of ensemble permeabilities, but assumes that flow is laminar and inertia
effects can be neglected [cf. Zimmerman and Bodvarsson, 1996, Meheust and Schmittbuhl, 2003].
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93 Local fracture aperture is com-
l puted from the far-field stress
and fluid pressure acting on
each fracture segment. Using
Cauchy’s equation, this stress is
resolved into a fracture normal-
and a parallel shear stress com-
ponent [e.g., Pollard and
Fletcher, 2005; Beer et al., 2011]

o, fracture
aperture

b
& e Gn=01c0s> 0+a3sin 0 (2)

1

o (o3—a7)sinf0cos 0 (3)
where g7 and o3 represent the
magnitudes of the maximum
and minimum compressive
principal stresses acting in the
plane of the sedimentary layer,
respectively; 0 is the angle between o7 and, o, (Figure 2a). In the following equations, compressive stresses
are treated as positive. It should be noted that equations (2) and (3) do not consider the impact of mechani-
cal interactions of fractures close to one another [e.g., Olson, 2007].

Figure 2. Fracture cross-section model of stress induced opening. (a) Normal ¢, and shear
g, stresses acting on the fracture walls in response to far-field maximum and minimum
principal stresses, o1 and o3, respectively. The fluid pressure counteracting the fracture-
normal stress is not shown. (b) Relative normal and shear displacements of the fracture
walls subjected to the far-field stress.

The aperture of rough-walled natural fractures not only depends on stress, but also on shear displacement.
Following Barton et al. [1985] fracture roughness can be quantified in terms of aperture variation as

a=dy—0p+04 (4)

where ay is a closure aperture under stress-free conditions, measured, for instance, on core samples (Figure
2b); 0, is the reduction of aperture caused by application of a normal stress, and J, the increase of aperture
due to shear dilation. In this study, ao is assigned a small constant value to ensure that all fractures in the
pattern have a non-zero aperture prior to application of stress. Normal closure, d, is then determined by
using Bandis” hyperbolic model [Bandis et al., 1983]

Sn= M (5)

KnoCm+ Oef

where o is the effective normal stress acting on the fracture plane, ¢, the maximum closure, and kpo the
initial fracture normal stiffness. These parameters can be estimated by using the empirical relations dis-
cussed in Bandis et al. [1983]. Central to these rules is that asperity gliding “when the joint roughness is
mobilized” results in fracture dilation. This mobilization is experimentally constrained to occur at 30% of
peak shear displacement [Barton et al., 1985] and shear dilation can be calculated from

dg=0stan (¢d,mob) 6)

where Js is the shear displacement and ¢, ., the mobilized dilation angle evaluated by

1 JCS
¢d1mob=MJRCmob|0910 (Ueffn) (7)

The coefficient M parameterizes damage with values of 1 or 2 for shearing under low or high fracture nor-
mal stress, respectively [Olsson and Barton, 2001]. It can also be obtained from Barton and Choubey [1977]

JCs
M:o.7+Jch/ {mog10 (J ”)} ®)
eff

where JRCphop is the mobilized joint roughness coefficient

JCS
JRCinob= [tan’1 (ﬁ> —4),} /Iog10 ( ") 9)
O eff O off
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and ¢, is the residual friction angle. A fracture length dependent joint-wall compressive strength,
JCS, was introduced by Barton and Bandis [1982] together with the JRC, to address the influence of
fracture size on surface properties. This approach was motivated by the observation, that larger frac-
tures tend to have larger surface undulations, including rib marks, plumose textures and hackle [cf.
Pollard and Aydin, 1988]. This aperture calculation approach goes much beyond other modeling
studies, which either assume that all fractures have similar apertures [e.g., Taylor et al, 1999; Min
et al., 2004] or utilize values sampled from power-law distributions [e.g., Long et al., 1982]. For car-
bonates, universal length-versus-aperture correlations apply where mineral bridges preserve original
openings, see Olson [2003]. By contrast, the Barton and Bandis model allows k; to vary not only
with fracture length, but also with orientation of curved fractures. Simultaneously, it considers the
mechanical properties of the host rock. Arguably, this is sufficiently realistic to serve as a point of
departure for the analysis of the scale dependence of the equivalent permeability of layered frac-
tured rock.

2.2. Full-Tensor Equivalent Permeability Analysis
The steady-state pressure equation serves as a prior for the determination of the equivalent permeability. It
is derived by substituting Darcy’s law into the continuity equation (V.u=0)

V. (I_(.Vp) =0 (10)
u

here k is the permeability tensor, and p the viscosity of the fluid. In a two-dimensional Cartesian coordinate
system, the full permeability tensor is
kxx kxy
k= (11)
Kyx Ky

Since this is a symmetric positive definite matrix [Bear, 1972]
ki :kyx (12)

The positive definite attribute implies that

Ky > (ky)?, kee >0, ky >0 (13)

These two characteristics must apply, otherwise the permeability tensor has no physical meaning because
the eigenvalues of k are real only if it is symmetric. The positive definite attribute also implies that energy is
dissipated during fluid flow [Durlofsky, 1991] as the fluid moves in the direction of the decreasing pressure
gradient [Bear and Cheng, 2010]. Directional permeability further implies that flow directions are not neces-
sarily aligned with the fluid-pressure gradient. This is fundamental for the calculation of the permeability
tensor in an anisotropic medium [Long et al., 1982].

Following the non-local permeability upscaling approach of Durlofsky [1991], involves solving two flow
problems: In the first, we set constant pressure (Dirichlet) boundary conditions on opposite left (p;,) and
right (pout) edges of the overall model while no-flow (natural) boundary conditions are applied on the
others, see Figure 3.

The set of linear algebraic equations arising from the finite elements equations describing the pressure
field, p(x,y) is solved with the algebraic multigrid method for systems of equations SAMG [Stuben,
2001]. From the gradient of the pressure field, piecewise constant element velocities are calculated
using Darcy’s law. The same process is repeated for the second flow problem with constant pressures
applied at top and bottom boundaries and no-flow (natural) boundary conditions applied to the
others. The computed pressure and velocity fields are sampled randomly in square-shaped model sub-
regions with a side length / that is a fraction of model length, L (see Figure 3c). The dimensionless
sample size Ip is defined as
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Figure 3. Photograph of fractured rock sample (a) and trace map of different fracture sets shown as white lines, (b) including boundary conditions: Uniform pressure set on left and right
edges of the model; bottom and top edges are no-flow boundaries, and (c) Random sampling performed in this study: partially overlapping square-shaped box samples with edge

length / (inset boxes).

1

/
L 1+r

Ipb=-= reRr” (14)
where r is a set of real positive numbers, and 1/(1+r) reflects the size fraction of a sample with respect to
the entire model. To make the statistical assessment meaningful, the smallest r is chosen so that each sam-
ple contains at least 100 elements. Sufficient model size ascertains that enough samples (>30) can be taken

on the largest scale.

Figure 3c shows some typical random square-shaped samples inside a test model. Samples taken this way
might overlap with each other. To quantify the effect of this, systematic random sampling avoiding any
overlaps [e.g., Elzinga et al., 2001] was also carried out. For each random sample, the equivalent permeability
tensor, k%, was computed by volume averaging of fluid velocities, pressure gradients, and viscosities
[Durlofsky, 1991]

(15)
where ( ) is the volume averaging operator. The equivalent permeability tensor, k®, relates the averaged

flow velocity (u) to the averaged pressure gradient (Vp). Writing out matrix components in the x and y
directions in full, this linear-algebraic relationship assumes the form

(Vp)' (Wp)' 0 0 (kg (u)
0 0 V' (Vp)' | | kS 1
I e W ) o
(Vp)? (Vp)? 0 0 K (ux)
0 0 (Vp)? (vp2]| LK} (uy)?

The superscripts 1 and 2 denote the two flow problems described above. The SAMG algebraic multigrid
solver is used to solve this system of equations to determine the components of k. While k! computed
for no-flow boundary conditions is not necessarily symmetric, the equation ki —k’7=0 can be added to
enforce symmetry on k®. The flow chart (Figure 4) enlists all steps of this k* computation applied to the
suite of outcrop analogue models.

Sampling was carried out over three orders of magnitude of length scale (from Ip= 0.01 to 1), determining
k® as a function of sample size. To obtain statistically independent (non-overlapping) samples, the model is
divided into equally spaced regions. Then in each row of these regions the k® of random samples is ana-
lyzed. The number of samples per row is arbitrary. For a target coverage (we used 50%), a list of randomly
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[ Import discretized geometry ] Calculate volunje-avgraged velocities and
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v

Solve the linear system of equations

[ Assign matrix permeability ]

¢ (16) with symmetric constrains
Compute fracture aperture from L
far-field stress and fluid pressure
v Output sample size, components
of permeability tensor and principal
Calculate fracture permeability components and orientations

using parallel plate law

|

[ Set boundary conditions J

y

find pressure and velocity fields

in the entire domain

Figure 4. Flowchart of equivalent permeability tensor calculation by volume averaging of velocities and pressure gradients, following
Durlofsky [1991].

Sampling
is enough?

selected non-overlapping samples is created and the mode and standard deviations for each sample size
are calculated. This procedure is repeated across the entire scale analysis range.

2.3. Equivalent Permeability Analysis: Method Verification

A conceptual 28 X 28 m discrete fracture model (DFMC1) with 27 through-going equally spaced fractures
each with a 0.1 mm aperture serves to assess the accuracy of the computed k7 values (Figure 5a). Matrix
and fracture permeabilities are 107> m? (1 mD) and (10‘4)2/12:8.33X10‘1° m? (833 D), respectively.
For this model an analytical solution can be found using effective medium theory [Kasap and Lake, 1990]. It
is equal to the thickness-weighted arithmetic average along the fractures (x-direction)

1 ng kf nf
=K, 1—ZZaj +T2a,- (17)
j= j=

Thickness-weighted harmonic averaging in the y-direction gives

-1
o 1T 1L
g-{ (i) o (i) /]

where g; is the aperture of the j-th fracture, ns the number of fractures in the system and L the model
length. The calculated equivalent permeability tensor therefore is

814 0
9= X107"° m?
0o 1

This result is reproduced by the FEM solution with an accuracy of *=0.05%. This method verification also
included tests where the orientation of the fractures in the model was rotated relative to the coordinate
axes (Figure 5a).
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Figure 5. Method verification test: (a) DFMC1 model: A 28 m X 28 m discrete fracture model consisting 27 through-going equally spaced
(0=0) fractures each with a 0.1 mm aperture. Rock matrix (shaded gray area) with embedded fractures (horizontal black lines). Permeabil-
ities are 107'°m? (1 mD) and (10"‘)2/12:833><10’“’m2 (833 D) for the matrix and fractures, respectively. (b) Comparison of analytical
(dashed lines) and numerical results (circles) for different orientation angles of the verification model.

Analytical solutions for different fracture orientations are achieved by tensor rotation [Bear, 1972]

kyccos? 0+kyysin> 0 (kg —kyy)sin Ocos 0
k7= (19)

(ko —kyy)sin 0cos 0 kysin® 0+ky,cos? 0

where 0 is the rotation angle in clockwise direction. For a rotation by —45° the equivalent permeability ten-
sor becomes

412 —404
k= X107"% m?

—404 412

The comparison between the analytical and numerical results for different orientations (Figure 5b), yields a
maximum Mean Percentage Error (MPE) for the computed k®? of less than 0.5%. Given that we are inter-
ested in fraction-of-order-of-magnitude k® estimates, this result indicates that the volume averaging
method is sufficiently accurate for our study.

3. Fracture Outcrop Studies

Since fracture geometry cannot be reconstructed from well data alone because the fracture length distribu-
tion is hidden in the subsurface, this study is based on fracture trace maps of outcrops [cf. Geiger and Matthai,
2012]. We prefer these maps to geostatistics-based stochastic fracture models [e.g., Dershowitz and Einstein,
1988] because their geometry does not capture the spatial self-organization of fractures that typifies well-
developed natural fracture patterns [Renshaw and Park, 1997; Pollard and Aydin, 1988; Wu and Pollard, 1995].
Outcrops were selected to give a representative spectrum of fracture patterns and length scales, from the 10-
meter to km-scale. All patterns are “percolating:” multiple interconnected fracture pathways connect opposite
sides. All patterns formed incrementally and early fracture sets obey power-law length-frequency distribu-
tions, while younger sets have fracture length distributions that are controlled by abutting relationships with
older sets. Considering all fracture sets simultaneously, multimodal length-frequency distributions result.

3.1. Kilve Outcrop, Bristol, UK
The model KILVE_BED3 (Figure 6) is based on an outcrop located on the southern margin of the Bristol
Channel Basin, UK., south of the village of Kilve. The outcrop exposes alternating layers of fractured
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Figure 6. Fracture trace maps of KILVE_BED3, ARCHES, HORNELEN7 and HORNELEN1 models.

limestone and intact shale. The mapped top-most 0.2 m thin micritic limestone layer contains four sets of
mineralized fractures formed in the Mesozoic [Rawnsley et al.,, 1998]. The geologic evolution of the Bristol
Channel Basin has been extensively studied [Kamerling, 1979; Nemcok and Gayer, 1996; Rawnsley et al.,
1998; Belayneh et al., 2006a, 2006b]. The fracture pattern was mapped by Belayneh et al. [2006b] in a 18 X
8 m rectangular area.

3.2. Arches National Park Entrada Sandstone Outcrop, Utah, USA

Using satellite imagery from Google maps, we traced a fracture pattern in the Entrada sandstone between
Fiery Furnace and Freshwater Springs, Arches National Park, Utah [cf. Matthai et al., 2012], see Figure 6. The
outcrop exposes a 25-30 m thick bed of quartz-sandstone (Moab member of Entrada sandstone [Johansen
and Fossen, 2008]) over an area of 1287 m X834 m. The long early fractures are Mode-| joints that formed
during the flexure of the sandstone layer during lateral flow and diapiric rise of salt [Lorenz and Cooper,
2001]. The largest fractures are on the kilometer-scale, exceeding the length of the trace map. Fracture for-
mation at Arches has been analyzed by Cruikshank et al. [1991] who also performed aperture calculations.
Furthermore, Antonellini and Aydin [1994] measured the permeability of the exhumed fractures with a mini-
permeameter, finding a wide spectrum of values limited only by the range of applicability of the instrument.
These, however, reflect apertures in the absence of confining stress so that we only used these measure-
ments for a consistency check of our mechanical model.

Three different fracture sets partition the sandstone layer into blocks with a log-normal size distribution and
a cross-sectional area mode of 250 m?. Square blocks with this area are roughly 15 X 15 m in size. The larg-
est blocks are roughly three times this size. These features are captured by the ARCHES model.

3.3. Hornelen Outcrop, Map 7, Nordfjord, Norway
Noelle Odling mapped this 720 X 720 m outcrop in the Hornelen basin, approximately 200 km north of Ber-
gen, Norway, see Figure 6 (map 7 of Odling [1997]). The outcrop consists of fractured quartz sandstones of
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Devonian age with a bed thickness around 2 m, much less than the length of the fractures represented in
Model HORNELEN7?. Most fractures are subvertical, perpendicular to bedding. HORNELEN?7 is an idealization
of the fracture pattern in the sense that - in 2-D-fractures that only penetrate a single bed cannot be distin-
guished from those that continue into the rocks below.

3.4. Hornelen Outcrop, Map 1, Nordfjord, Norway

Model HORNELEN1 (Figure 6) is similar to the HORNELEN7, yet Odling [1997] recorded the fractures in more
detail and on a smaller scale (18 X 18 m). Therefore, the segmentation of the longer through-going frac-
tures seen in the field is resolved. This was not possible given the quality of the imagery from which the
ARCHES model was reconstructed.

3.5. Model Configuration

Since no better data are available, constant far-field stress conditions were applied to the fracture patterns
to compute aperture distributions. We assume the common scenario of a shallow burial depth in a normal
faulting regime with a o1 15 MPa, a3 of 10 MPa and fluid pressure of 9 MPa.

For the computation of fracture aperture with the Barton and Bandis model, rock joint parameters are
required, but are not available for the rocks in the described outcrops. Therefore, plausible, albeit con-
stant values were taken from the literature: joint roughness coefficient, JRC, values of 5, 15, 12, 7 for the
KILVE_BED3, ARCHES, and HORNELEN7 and HORNELEN1 models, respectively; joint wall compressive
strength, JCSo = 120 MPa and a residual friction angle, ¢, = 25°. Obtaining JRCy,op from equation (9), the
dimensionless shear stress versus shear displacement curve of Barton et al. [1985] has been used to
determine shear displacements for the fracture segments. Since determining the potential variance of
equivalent permeability with scale is the key goal of this study, a fracture closure aperture of 20 um was
assumed to ensure that all fractures contribute to the flow. Cracks with an opening below this value,
tend to seal up in the presence of a reactive pore-fluid [e.g., Roedder, 1984]. A constant and isotropic
matrix permeability (k,) of 107> m? (1 mD) was assumed for all outcrop models. Table 1 enlists the
mechanical parameters extracted from the literature or computed for the aperture calculations as
described in the Methodology.

4. Geometric Fracture Distribution

The geometry of each fracture pattern is captured in full by the outcrop mapping, including the abutting
relationships of the sequentially formed sets and the spatial organization of the fractures. These characteris-
tics are presented set-by-set in Table 2 before the full equivalent permeability tensor is established in the
next section.

4.1. Fracture Length

Fracture length - frequency distributions are either exponential, lognormal or power-law [Bonnet et al.,
2001]. Since fractures occur over a wide range of length scales, they are supposed to be treated as power-
law [de Dreuzy et al., 2001; Darcel et al., 2003]. This is true for most of the early sets in 2-D fracture trace
maps and satellite image analysis [Bour et al., 2002; Sahimi, 2011].

n(l,L)=aL®I™* for I € [lnin, fmax] (20)

where n(l, L)dl is the number of fractures over the interval [I+dl] (dl < [) in a domain of size L, the expo-
nent o describes how frequency decreases with fracture length and a is a constant that depends on the
fracture density, D is the fractal dimension, Iy and nax are the minimum and maximum fracture length
(lmin < L < lmax)-

Fracture length data are often influenced by truncation (short traces cannot be captured due to a limited
spatial resolution) and censoring effects (long traces are not captured due to incomplete sample size)
[Odling, 1997; Bonnet et al., 2001].

Figure 7 shows the cumulative distribution of fracture length for different outcrop models described
above. The power-law fit is obtained using Maximum Likelihood Estimation (MLE) method which has
been shown to be the best approach to estimate power-law behavior of the empirical data [Clauset
et al., 2009].
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Table 1. Mechanical Properties Assigned to the Outcrop Models for Aperture Calculation
Outcrop Model

KILVE_BED3 ARCHES HORNELEN7 HORNELEN1

Mechanical Properties (18 m X8 m) (1287 m X834 m) (720 mX720 m) (18 m X18 m)
Maximum principal stress, g, (MPa) 15 15 15 15
Minimum principal stress, a3 (MPa) 10 10 10 10
Orientation of far field stress,  (degrees) 45 45 0 90

Fluid pressure (MPa) 9 9 9 9

Joint roughness coefficient, JRCy 5 15 12 7

Joint wall compressive strength, JCS, (MPa) 120 120 120 120
Residual friction angle, ¢, (degrees) 25 25 25 25
Initial closure aperture, ag (um) 20 20 20 20

For HORNELEN7 model the lower cut-off calculated using MLE is in a good agreement with the work of
Odling [1997] that considers 5-10% of the map size as a limit for truncated traces. Also the corrected length
results for censored traces is comparable with the work of Odling [1997] that analyzed censoring effects
using Kaplan-Meier estimation.

4.2. Fracture Aperture

Apertures are calculated using Barton and Bandis model. Figure 8 shows the aperture distribution for the
studied outcrops. For the differential stress applied to the models, only those fractures with an orientation
giving rise to a reduced fracture-normal stress are dilated. Many fractures in the models are curved. This has
the important consequence that they are not dilated over their entire length, but only favorably oriented
segments are. Their length is much less than the overall fracture length.

4.3. Fracture Permeability

Figure 9 illustrates fracture permeability corresponding to the aperture distributions computed for each
model. The modes correspond to fractures with a specific orientation, imparting a strong anisotropy on the
medium perhaps best seen in mode KILVE_BED3. Since only a favorably oriented - critically stressed subset
of all fractures is dilated, this result is less of a surprise.

5. Simulation Results
Below, the results of the computations done on the outcrop models to obtain the equivalent permeability

tensor, variation of anisotropy, and REV analysis are presented.

5.1. Equivalent Permeability
Tensorial equivalent permeability values were computed for square sample subregions, covering a wide
range of sample sizes ranging from ~0.44 to 794 m in models KILVE_BED3 and ARCHES, respectively.

Table 2. Fracture Length and Density Are Calculated Using the Area Method of Wu and Pollard [2002]

Total Length Length Mode Fracture Density (P21)
Outcrop Model No. of Fractures (m) (m) (m/m?)
KILVE_BED3 Set 1 78 304 0414 2112
(18 m X8 m) Set 2 252 304 0.137 2.113
Set 3 1100 263 0.232 1.825
Set 4 273 70 0.167 0.488
All sets 1703 942 0.315 6.539
ARCHES Set 1 74 28584 160 0.027
(1287 m X834 m) Set 2 442 48375 47 0.045
Set 3 946 35433 21 0.033
Set 4 8 1885 311 0.002
All sets 1470 114276 40 0.106
All excl. set 4 1462 112392 30 0.105
HORNELEN7 All fractures 4005 80561 15 0.155
(720 m X720 m)
HORNELEN1 All fractures 2122 1198 0.189 3.696
(18 m X18 m)
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Figure 7. The cumulative frequency distribution of fracture length (light gray-filled circles) for the studied outcrop patterns and associated
power-law fit (black dashed lines). A lower cut-off and power-law exponent are calculated using Maximum Likelihood Estimation (MLE).
Plus (+) signs are a few selected fractures, which are censored by the sample boundaries and squared-filled crosses (X) showing corrected
length for those selected fractures.
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Figure 8. Normalized aperture distribution of KILVE_BED3, ARCHES, HORNELEN7, and HORNELEN1 models. Ny, refers to the number of
fracture segments (elements) in the model.
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Figure 9. Fracture permeability calculated using parallel plate law shown in gray scale where aperture was calculated by Barton and Ban-
dis model, see text; modeled apertures are given in Figure 8 and fracture trace maps are given in Figure 6.

Figures 10-13 show the variation in the magnitude of their kp=k%%, /kn, (maximum principal component
kea. .. normalized by rock matrix permeability k). In these plots, selected histograms of the variation of

log,o kp for given sample sizes are displayed as insets, revealing whether there is a convergence of the max-
imum equivalent permeability with increasing scale.

These results indicate a gradual decrease in sample-to-sample variation with scale. The even stronger reduction
at the largest scale is likely due to the increased overlap of samples. In the ARCHES and HORNELEN models (Fig-
ures 11-13), the same trends are observed. Even at the outcrop scale the k7 statistics are noisy and might be
interpreted as multimodal. Model HORNELEN7 shows a distinct bimodal distribution with comparatively low

standard deviations. There is nothing in the fracture geometry that rationalizes this distribution. Since all
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Figure 10. KILVE_BED3 model: Variation of the dimensionless maximum principal component of the equivalent permeability tensor,
kp=ked, /km, (ky, is matrix permeability) for partially overlapping random samples with dimensionless sample size, Ip=//L. Normalized frequency

of log, kp and its statistical moments (mode, x and standard deviation, ¢) are shown as inset histograms at I, = 0.2, 0.4, 0.6, and 0.8.
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Figure 11. ARCHES model: Variation of the dimensionless maximum principal component of the equivalent permeability tensor,
kp=ke3,, /km, (ki is matrix permeability) for partially overlapping random samples with dimensionless sample size, [,=//L. Normalized
frequency of log,, kp and its statistical moments (mode, 1 and standard deviation, ¢) are shown as inset histograms at I = 0.2, 0.4, 0.6,
and 0.8.

histograms display the decadic logarithm of permeability, the seemingly small standard deviation at model
scale is close to 0.3 log units.

The averages for any particular model are very similar for samples bigger than a certain size as is expected
for samples on the REV scale. Corresponding threshold sizes that could be interpreted as k9, REVs are ~0.2
X 833 =167 m for ARCHES, ~0.2 X 720 = 144 m for HORNELEN7, and ~0.2 X 18 = 3.6 m for HORNELENT.
The k&%, REV identified for HORNELENT and ARCHES can be regarded as upper and lower bounds. Con-
structing DFMs a small multiple of these sizes should lead to a reasonable approximation of the k*? tensor
magnitudes, although the results show spatial variations of these parameters within the studied fracture
patterns.

Also, while the mode standard deviation of the equivalent permeability decreases with sample size, the sta-
tistics of the distributions at any particular size only become interpretable in terms of normal/log normal
distributions when the sampling window contains a sufficiently large number of fractures. For this reason
we cannot say for sure there is a characteristic trend in going from Ip = 0.05 to Ip = 0.3.
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Figure 12. HORNELEN7 model: Variation of the dimensionless maximum principal component of the equivalent permeability tensor,
kp=ked,./km, (kn is matrix permeability) for partially overlapping random samples with dimensionless sample size, [, =//L. Normalized fre-
quency of log, kp and its statistical moments (mode, 1 and standard deviation, &) are shown as inset histograms at Ip = 0.2, 0.4, 0.6, and 0.8.
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Figure 13. HORNELEN1 model: Variation of the dimensionless maximum principal component of the equivalent permeability tensor,
kp=ke, /km, (ki is matrix permeability) for partially overlapping random samples with dimensionless sample size, [=//L. Normalized
frequency of log,, kp and its statistical moments (mode, i and standard deviation, ¢) are shown as inset histograms at Ip = 0.2, 0.4, 0.6,
and 0.8.

Figure 14 shows the mode, standard deviation and skewness of logyo kp (kp=k%%, /kn) at different length
scales.

The mode of kp varies more at small than at large scale. For HORNELEN7 and HORNELEN1 the negative
skewness of kp is decreasing with increasing scale across the entire range of Ip. The skewness is always neg-
ative, and varies between —2 and 0. This means that kp distributions on the small scale are more asymmet-
ric than at large scale. On the small scale, the tail on the left of the kp mode is longer or fatter than on its
right. The mean value of kp is therefore less than the mode value. We interpret this asymmetry as a symp-
tom of the fact that many samples miss significant fractures and therefore have a distinctly lower
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Figure 14. Variation of statistical moments of log,, kp (kp =kg%,, /km) with dimensionless sample size, Ip=//L for (a) KILVE_BED3, (b)
ARCHES, and (c) HORNELEN7 and (d) HORNELEN1 models respectively. Positive y-direction: mode, error bars: standard deviation, and
negative y-direction: skewness.
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Figure 15. Variation of anisotropy of equivalent permeability tensor (k¢ /k%? , ratio between maximum and minimum principal compo-
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nents) with dimensionless sample size, Ip=//L for (a) KILVE_BED3, (b) ARCHES, (c) HORNELEN7 and (d) HORNELEN1 models respectively
using overlapping random sampling method as described in the paper.

permeability. For intermediate to large scale samples the tails on both sides of the kp mode values are simi-
lar. It is worth noting that the mode and standard deviation of kp are equivalent to the logarithm of the
geometric mode and the multiplicative standard deviation of kp, respectively as data are log-normally dis-
tributed [Limpert et al., 2001].

5.2. Permeability Anisotropy

Figure 15 illustrates the degree of permeability anisotropy varying from model to model and with sampling
scale: for KILVE_BED3, a maximum value of 27.9 X 106 is reached. By contrast, in HORNELENT, locally, per-
meability is isotropic.

The variation of permeability anisotropy, expressed as the ratio of the maximum and minimum principal
components as a function of dimensionless sample size highlights that the fracture patterns are inhomoge-
neous and - again - there is a size threshold above which sampled anisotropy values converge (Figure 15).
This threshold varies from model to model, but decreases with increasing fracture density, being highest in
the KILVE_BED3 model.

5.3. Nonoverlapping Samples

Figure 16 shows the variation of kp=k% /ky, with dimensionless sample size [p=//L as determined from
non-overlapping random square samples. The stippled lines show the trend of kp with sample size Ip. The
same trends are seen as for the partially overlapping samples, but the standard deviation does not get as
small for the largest samples, confirming that sample overlap increasing with sample size is at least partially

responsible for the reduction of the standard deviation with scale.

5.4. Orientation of Permeability Tensor

The permeability tensors obtained from square samples with different areas are displayed as ellipses plotted
on the fracture maps in the center of the sampling locations (Figures 17-19). The axes of the ellipses scale
with the principal permeability values (eigenvalues of k7). Thus, even mildly elliptical glyphs indicate signif-
icant anisotropy.
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Figure 16. Variation of the dimensionless maximum principal component of the equivalent permeability tensor, kp =kg?, /km, (kn, is matrix
permeability) with dimensionless sample size, I=1/L for (a) KILVE_BED3, (b) ARCHES, (c) HORNELEN7 and (d) HORNELEN1 models respec-
tively using non-overlapping random square sampling method as described in the paper.

These tensor maps demonstrate the spatial variability of the permeability anisotropy of the fracture patterns
that is — in part — already visible in the fracture maps. With increasing sample size, a convergence of the
degree of anisotropy occurs while tensor orientation varies widely across all sample scales.

These results highlight the importance of full tensor analysis for fractured porous media as opposed to
methods that only determine permeability magnitude or even values along the axes of the coordinate sys-
tem. A question of high relevance to subsurface engineering is whether the orientation of the permeability
tensor can be inferred from the direction of the in situ stress in the fractured layer. The high degree of spa-
tial variability of tensor orientation seen in our models in spite of the uniform and strongly anisotropic far-
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Figure 17. Visualization of the equivalent permeability tensor for KILVE_BED3 model at different length scales (inset gray squares depict
the scale of interest): (@) 1 m, (b) 1.6 m, (c) 2 m, and (d) 4 m. Fracture permeability map of the model is shown in the background.
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ARCHES (1287x834 m)

Figure 18. Visualization of the equivalent permeability tensor for ARCHES model at different length scales (inset gray squares depict the
scale of interest): (a) 100 m, (b) 200 m, (c) 277 m, and (c) 400 m. Fracture permeability map of the model is shown in the background.

HORNELEN7 (720x720 m
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Figure 19. Visualization of the equivalent permeability tensor at different length scales (inset gray squares depict the scale of interest), top: HORNELEN7 model at 120 m, 180 m, 360 m,
and 720 m (entire model); bottom: HORNELEN1 model 3 m, 4.5 m, 9 m, and 18 m (entire model). Fracture permeability map of the model is shown in the background.
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field stress acting on the models, indicates that this is not possible, although there are model subregions
that show an alignment of the long axis of the permeability tensors (=maximum permeability) with the
direction of the least principal stress. Instead, the tensor plots highlight how important it is to understand
fracture geometry and the sequence of formation of different sets. If these are known in conjunction with
the orientations of the in situ stress, a statement can be made about the degree of uncertainty in the tensor
orientation. Thus, in the Kilve model, the earliest most continuous fracture set is dilated. This leads to a very
high degree of anisotropy and very little variation in tensor orientation. Fractures of this set (and the second
almost parallel one) are spaced so closely that they are contained almost in every sample. All tensors are
aligned with this set. While the smaller fractures also enhance permeability, their effect is minor as com-
pared with the earliest set. The results for Kilve are important also with regard to the analysis of the scale
dependence of maximum fracture permeability: since the degree of anisotropy is strong and varies little
with sampling scale, the lack of variation that is seen for the tensor magnitudes is genuinely indicative of
scale invariance as opposed to a change in the level of anisotropy with sample size.

For the stress state applied to the Arches model, the shorter, younger fractures that terminate against the
systematic earlier sets are dilated. From sample to sample a small number of longer fractures of intermedi-
ate age and variable orientation are also opened in shear contributing to the permeability. This leads to
rather unpredictable tensor orientations and degrees of anisotropy of the tensor.

6. Discussion

Our findings support the results of Long et al. [1982], Min et al. [2004], and Bogdanov et al. [2007] who were
able to find REVs for geostatistics-based stochastically generated fractured models with variable fracture
aperture. However, our findings are at odds with those of Kiraly [1975], who observed a permeability
increase with scale in his field study. Why? — to start with, our study only investigates 3 orders of magnitude
of length scale, while Kiraly’s of the Jura Mountains in Switzerland spans 5 orders of magnitude. Further-
more, we do not consider the core scale where a bias against samples with fractures yields only matrix per-
meabilities at that scale. This is touched on by Bisdom et al. [2016b], but was not the primary focus of their
analysis. There also is a debate whether aperture-fracture length correlations seen on the 0.1-10 meter scale
apply at scales above. Renshaw and Park [1997] present data that negate this. That the complex fracture
interactions they invoke to explain deviations at the large scale have an effect on local aperture, is corrobo-
rated by the mechanical modeling of Zhang and Sanderson [1996, 1999]. Their model takes into account the
effects of local stress perturbations on aperture, but ignores fracture surface roughness. Incorporating the
latter into a full-complexity mechanical model with frictional contacts, using the actual shear displacements
as opposed to inferences made from shear stress as by the Barton et al. [1985] model, appears as the next
logical step toward physical realism, albeit a very challenging one [cf. Lei et al.,, 2016]. The main difference
between this and earlier studies is that we consider permeability anisotropy and matrix permeability. As there
is anisotropy, we do not observe the often emphasized correlation between (bulk) fracture density (P21, Table
2) and permeability. Since the matrix is permeable, fracture connectivity is less important as also seen in the
field-data based DFMs of Bisdom et al. [2016a, 2016b, 2016c]. A gradual permeability increase from non-
percolating to percolating model subdomains occurs. This was already simulated by Bogdanov et al. [2007],
using stochastic fracture models. Since fracture aperture locally varies, matrix blocks surrounded by fractures
are not necessarily stagnant as is commonly assumed in dual porosity modeling [e.g., Ahmed-Elfeel and Geiger,
2012].

The anisotropy of the equivalent permeability k°? complexifies the analysis of its scale dependence. Thus,
the k® of the small-scale samples often is dominated by individual highly permeable fractures manifesting
itself in an extreme k£9, and anisotropy values. This anisotropy decreases with sample size. Consequently,
the maximum permeability only tells part of the story.

Due to the power law length-frequency distributions of the fractures in the investigated patterns, none of
the outcrop maps studied herein are REVs on geometric grounds as the largest fractures mapped in the
field extend beyond their bounding rectangles. Hence there is no separation of scales and fracture length
mode is a function of model size (Table 1). However, our results indicate that, for the purpose of upscaling
and continuum scale simulation of fluid flow through fractured rocks, reasonable estimates of k°/ can be
made, but to utilize them in continuum scale simulation models, a full tensor representation of permeability
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is required. This result is corroborated by many studies in the literature, but hardly acted upon in engineer-
ing practice. We therefore would like to reemphasize that a full second-rank tensor representation of per-
meability is required when: (1) the principal directions of permeability are not aligned with the simulation
coordinate system; (2) these directions gradually change within a flow model; (3) permeability upscaling is
carried out (even if the fine-scale grid is isotropic and orthogonal, [cf. Tarahhom et al., 2009]).

There are two major limitations in 3-D systems coming from (1) a lack of observability (3-D data) and (2) a
lack of 3-D constitutive models. The conventional approach to model 3-D fractured domains is to assume
statistical distribution of apertures. Such results are not representative of the actual statistics of the natural
system [cf. Pollard and Aydin, 1988]. The REV analysis approach proposed here does not have any limitations
with regard to application to 3-D models.

7. Conclusions

We have analyzed the scale dependence and anisotropy of the equivalent permeability k*, of layered frac-
tured rocks with matrix permeability using fracture patterns mapped in outcrops. Plausible fracture aperture
patterns for a buried state in the presence of differential stress were computed with the Barton and Bandis
model, fracture segment by segment, using a constitutive mechanical model based on far-field stress.
Resulting fracture apertures vary along curved fractures, are log-normally distributed, and depend on frac-
ture orientation relative to the far-field stress. The discrete fracture and matrix models were analyzed with
the finite-element method for k®?, varying sample size and strategy.

Although rather homogeneous fracture patterns were chosen, our analysis identifies a strong anisotropy
imparted by the fractures that exhibits significant spatial variations, both of k®*® magnitude and direction.
The variation of the maximum principal component of the k® tensor appears to decrease with increasing
sample size, until a scale threshold is reached above which ki stays constant. This threshold is tracked by
the standard deviation of kp=k%%, /km and indicates the existence of a useful REV dependent on fracture
density: ~167 m for the Arches model, ~144 m for the large-scale Hornelen model and ~3.6 m for the
small-scale one. These findings and the underpinning methodology are important because they allow to
determine appropriate dimensions for fracture permeability upscaling to the continuum scale. This implies
that, for the purpose of upscaling and continuum scale simulation of fluid flow through fractured rocks, the
potential REV must be established first. If this REV is larger than the typical horizontal extent of reservoir

simulation grid blocks, an additional downscaling step is required in the workflow.

The highly anisotropic nature of k* tensor implies that permeability is poorly correlated with fracture bulk
density and that a detailed knowledge of fracture geometry is required to predict permeability. The axes of
the k% tensor are neither aligned with the prominent fractures nor with the principal directions of the far-
field stress. A full tensor representation of k°? is therefore absolutely essential for modeling flow through
fractured rock at the continuum scale.

Notation
k® Equivalent permeability tensor.
k Permeability tensor.
u Velocity vector.
k;q Components of equivalent permeability tensor (i=x,y,z and j=x,y, 2).
uj Components of velocity vector (i=x, y, z).
Kkm Matrix permeability.
k¢ Fracture permeability.
kea. Maximum principal component of equivalent permeability tensor.
p Fluid pressure.
u Fluid viscosity.
L Model length.
/ Sample length.
ng Number of fractures in the model.
a Fracture aperture.
AZIZMOHAMMADI AND MATTHAI IS THE PERMEABILITY OF NATURALLY FRACTURED ROCKS SCALE DEPENDENT? 8060



@AG U Water Resources Research

10.1002/2016WR019764

Acknowledgments

We thank the sponsors of the UK
industry-technology-facilitator (itf)
consortium “Improved Simulation of
Faulted and Fractured Reservoirs” ISF
for their support of this study. Without
the fracture trace maps of Mandefro
Belayneh (Saudi Aramco) and Noelle
Odling (University of Leeds, UK) who
gave us the permission to use their
original data sets, this work would not
have been possible. The fracture data
sets used in this study may be
obtained by contacting the first author
via email (siroos.azizmohammadi@
unileoben.ac.at).

do Closure aperture under stress-free conditions (initial closure aperture).
01 Maximum compressive principal stress.

03 Minimum compressive principal stress.

On Normal stress acting on fracture plane.

as Shear stress acting on fracture plane.

Oeoff Effective normal stress.

0 Angle between ¢ and o).

p Counter clockwise angle between ¢; and horizontal x-axis.
On Normal displacement of fracture.

dd Shear dilation of fracture.

s Fracture shear displacement.

Cm Maximum fracture closure.

kno Initial normal stiffness of fracture.

damob  Mobilized dilation angle.

o, Residual friction angle.

JRCo Joint roughness coefficient for laboratory scale.
JCSo Joint-wall compressive strength for laboratory scale.
JRC, Joint roughness coefficient for field scale.

JCS, Joint-wall compressive strength for field scale.

M Damage coefficient.
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