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ABSTRACT. Let (E,||-||) be a Banach space such that, for some ¢ > 2, the function z — ||z||? is
of C? class and its first and second Fréchet derivatives are bounded by some constant multiples of
(¢ — 1)-th power of the norm and (¢ — 2)-th power of the norm and let S be a Cop-semigroup of
contraction type on (E, || - ||). We consider the following stochastic convolution process

u(t):/o /ZS(t—s)g(s,z)]\?(d&dz), t>0,

where N is a compensated Poisson random measure on a measurable space (Z,2) and € : [0, 00) X
QA x Z — FE is an F ® Z-predictable function. We prove that there exists a cadlag modification a
of the process u which satisfies the following maximal inequality

E sup [li(s)|? < CE( / t / |§<s,z)||pN<ds,dz>)i,

0<s<t

forall ¢ > gand 1 < p < 2 with C = C(q,p).

1. INTRODUCTION

Maximal inequalities for stochastic convolutions in the setting of Hilbert spaces or finite dimen-
sional spaces have received considerable attention for many years. Ichikawa [16] considered maximal
inequalities for Cp-semigroups of contractions and right continuous martingales in Hilbert spaces,
see also Tubaro [35]. A submartingale type inequality for stochastic convolutions of Cyp-semigroups
of contractions and square integrable martingales, also in Hilbert spaces, was obtained by Kote-
lenez [21]. Kotelenez proved the existence of a cadlag version of the stochastic convolution process
for square integrable cadlag martingales. In a paper by the second named author and Peszat [5],
the authors established a maximal inequality in a certain class of Banach spaces for the stochastic
convolution process driven by a Wiener process. Recently, this maximal inequality was generalized
by van Neerven and the first named author to Cjy-contraction semigroups on 2-smooth Banach
spaces. Since many results obtained in the Wiener case may fail in pure jump type models, maxi-

mal inequalities for compensated Poisson random measures deserve an independent investigation.
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Here we extend the results from [5] to the case where the stochastic convolution is driven by a
compensated Poisson random measure. We work in the framework of It6 stochastic integrals and
convolutions driven by compensated Poisson random measures recently introduced by the second
and third authors in [3].

Let us now briefly present the content of the paper. In the first section (i.e. section 2) we set
up notations and terminologies and then summarize without proofs some of the standard facts on
It6 stochastic integrals with values in martingale type p, p € (1,2], Banach spaces, driven by a
compensated Poisson random measure N on a measurable space (Z, Z). Section 3 is devoted to the

study of the stochastic convolution process (u(t))¢>o driven by N defined by the following formula

(1.1) u(t) = /0 /ZS(t — 5)&(s, 2) N(ds,dz), t>0,

where S(t), t > 0 is a Cp-contraction semigroup (with the infinitesimal generator A) on a martingale
type p, p € (1,2], Banach space E and £ : [0,00) X 2 X Z — E is an F ® Z-predictable function
such that for all T' > 0, f(;f S, E|f(t, 2)|% v(dz) dt < co. In particular, we show that there exists a
predictable version of the stochastic convolution process u. Under some suitable assumptions we
show that the process u is a unique strong solution to the following stochastic evolution equation
du(t) = Au(t) dt + / £(t, ) N(dt, dz), t>0,

(1.2) z

u(0) = 0.

In section 4 we present our main results. In particular, the maximal inequalities are stated and
proved when the ¢g-th power, for some ¢ > p, of some equivalent norm on E is of C? class and its
first and second Fréchet derivatives are bounded by some constant multiples of (¢ — 1)-th power of
the norm and (¢ — 2)-th power of the norm and S(t), t > 0 is a Cp-contraction semigroup on E

with respect to this equivalent norm. For the readers convenience let us state this result.

Theorem 1.1. Suppose that E is a real separable Banach space satisfying Assumption 4.1 and S(t),
t >0 is a Cy semigroup on E satisfying Assumption 4.2. In the above described framework, there
exists a separable and cadlag modification 4 of the process u defined by formula (4.1). Moreover,
for every ¢ > q, where p and q are the numbers from Assumption 4.1, there exists a constant C

independent of the process &, such that for every stopping time 7 > 0 and every t > 0,

!

, tAT >
(1.3) E sup |i(s))<CE </ / €(s, 2)[2, N(ds,dz)> >0,
0 7

0<s<tAT

Note that under above assumption on FE, it can be shown, see Appendix A, that the Banach
space E satisfying the above condition is of martingale type p, for all p € (1,2]. Hence both the
1t6 stochastic integral and the stochastic convolution process are well defined.

Let us point out an important consequence of the above result. Namely, if the right-hand side
above is finite, then the stochastic convolution process u admits an cadlag modification, see [7] and

a positive result given in [22] for somehow related results in the Hilbert space framework.
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In the last part of section 4 we formulate and prove a different version of the maximal inequality.

Ing

To be more precise, if p € [v/2,2] and n > [lnp], then for every stopping time 7 > 0,

n tAT pn—k

n k

(1.4) E sup [u(s)ffy <C Y E (/ / £(s, 2)[%, V(dz)ds> ,t>0.
0<s<tAT 1 0 7

In a brief section 5, we present extensions of the previous result to progressively measurable

integrands.

Remark 1.2. It is possible to prove inequality (1.1) by the method based on the Szekdfalvi-Nagy
Theorem on unitary dilations, used earlier in [14], see inequality (4) therein. The latter result has
recently been generalized to Banach spaces of finite cotype by Frohlich and Weis [12]. However, this
method works only for analytic semigroups of contraction type. The results from the current paper
are valid for all Cy-semigroups of contraction type. To be more precise, if E is a Banach space of
martingale type p , with 1 < p < 2, and A generates an analytic semigroup of contraction type on
E, then, by following almost the same lines as in [14], one can prove that for every T > 0 there

exists a constant C > 0 such that for all progressively measurable processes &

/

E sup |a(s)|% < C E (/t/ €(s, 2)[% N(ds,dz)) "telo,T).
0<s<t 0 Jz

Let us finish this Introduction by commenting that the results presented are applicable to non-
linear SPDESs, e.g. stochastic Euler Equations. In the case of similar problems with the Gaussian
noise, the paper [5] on which to a large extent our current research is based on, was in some sense
a byproduct of a previous study by the same authors for stochastic Euler Equations in [6]. It turns
out that applications to stochastic Navier-Stokes Equations of our paper even before it’s publication
have been found in a recent paper by Fernando et al. [11]. For related results for stochastic reaction
diffusion equations obtained by different approach one can consult a paper [23] by Marinelli and

Rockner.

2. STOCHASTIC INTEGRAL

Let (2, F,F,P), where F = (F;)>0, be a filtered probability space satisfying the usual hypothesis.
Let (9, S) be a measurable space. We write N for the set of all natural numbers and set N = NU{oo}.
We denote by M (S) the space of all N-valued measures on (S,S) and B(Mg(S)) the smallest o-
field on M(S) with respect to which all the mapping ip : Mg(S) > p+— u(B) € N, B € S, are

measurable.

Definition 2.1. A Poisson random measure on (S,S) over (2, F,F,P) is a map N : Q — Mg(5)
such that the family {N(B) : B € S} of F-measurable N-valued functions defined by N(B) :=
igo N : Q — N satisfies the following conditions
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(1) for any B € S such that n(B) := E(N(B)) < oo, N(B) is a Poisson random variable with

parameter n(B), i.e.

BNB) = n) = e "I g1

(2) (independently scattered property) for any pairwise disjoint sets Bi,---,B, € S such that

n(B;) < o0, i =1,---,n, the random variables
N(By), -+, N(Bp)
are independent.

Remark 2.2. In what follows we will often assume that T' € (0,00) U {oco}. Then, if T = oo, by
[0, T] we mean the half-line [0,00) and Fr stands for F. Similarly, for a < 0o, (a,o0] (respectively

[a,00]) stands for (a,o0) (respectively [a,o0)).

Definition 2.3. Let us fir T € (0,00) U {oo}. Let P denote the o-field on [0,T] x Q generated by
all left-continuous and F-adapted real valued processes. We call P the predictable o-field.
Assume that (Z, Z) is a measurable space. Let P denote the o-field on [0,T] x Q x Z generated by
all functions g : [0,T] x Q x Z — R satisfying the following properties

(1) for everyt € [0,T], the mapping (w, z) — g(t,w, z) is F; ® Z/B(R)-measurable,

(2) for every (w,z), the path t — g(t,w, z) is left-continuous.
We say that an E-valued process g : [0, T] x Q — E is predictable if it is P/B(E)-measurable.
We say that a function f:[0,T] x Q x Z — E is F ® Z-predictable if it is ﬁ/B(E)-measumble.

Remark 2.4. The predictable o-field P is also generated by the family R (see for instance Th. 3.3
in [24]) defined by
R={{0}xF:FeF}U{(s,t] x F:FeF;,0<s<ttel0,T]}

The sets belonging to the family R are usually called predictable rectangles. Similarly, one can
show, see [39], that the F @ Z-predictable o-field P is generated by a family R

R={{0}x FxB:FeFy,BecZyU{(s,t]x FxB:FeF,Be2,0<s<t<T}.
Note that a function f : [0,T] x Q x Z — E which is now called F ® Z-predictable, in [39] was called

F-predictable. We believe that our current terminology is more natural.

Suppose that (Z, Z) is a measurable space and v is a non-negative o-finite measure on it. Let Leb
be the Lebesgue measure on (R4, B(R,)). According to [33], there exists a Poisson random measure
N on (R} x Z,B(R;) ® Z) with the parameter n(B) = EN(B) = Leb® v(B), for B € B(R;)® Z.
In particular, n(I x A) = Leb(I)v(A), for I € B(Ry) and A € Z. Here as usual we shall employ

the notation
N=N-Leb®v

to denote the compensated Poisson random measure of N.
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For T € (0, 00) U{oo}, let MP([0,T] x Z;P; E) denote the linear space consisting of (equivalence
classes of) all F ® Z-predictable functions f : [0,7] x Q x Z — E such that

T
(2.1) /0 /ZE|f(t, z)|%v(dz) dt < oo.

In other words, MP([0,T] x Z; P; E) is the usual LP space of E-valued functions on [0,7] x Q x Z
with respect to the o-field P and the measure Leb ® P® v. By M ([0, 00) x Z; P; E) we denote a
linear space consisting of all F® Z-predictable functions f : [0,00) X Q2 x Z — E such that condition
(2.1) is satisfied for all T' > 0.

Till the end of this section, we will briefly sketch how one constructs, the integral
T
/ / f(t,z) N(dt,dz), for every function f € MP([0,T] x Z;P; E).
0 Z

This integral we shall call the Ito integral with respect to the compensated Poisson random measure
N. Full details of the definition can be found in [39).

Definition 2.5. A function f : [0,T] x Q x Z — E is called a step function if there exists a
finite sequence of numbers 0 = tg < t1 < --- < t, = T and a finite family A?_l, j=1,--- n,
k=1,---,m, of sets from Z with U(Ag‘f;l) < oo such that

m n
(22) f(tvwa Z) = ZZf‘;‘g—l(w)l(tj_htj](t)lA;?_l(Z)v (t,(JJ,Z) € [OvT] X € X Z7

k=1 j=1
where 55»“_1 is an E-valued Fi;_,-measurable random variable, for every j = 1,--- ,n and k =
1,---,m, and for each j =1,--- ,n, the sets Aé‘f’_l, k=1,---,m, are pairwise disjoint.

Note that each step function as defined in Definition 2.5 is P/B(E)-measurable. In other words,
every step function is F ® Z-predictable. The class of all step functions satisfying (2.1) will be
denoted by My, ([0,T] x Z,P;E).

Definition 2.6. Assume that f is a step function in M3, ([0, T] x Z;P; E) of the form (2.2). If
t € [0,T), then the Ité integral over the interval [0,1] of a step function f in MP,, ([0,T]x Z;P; E)

step
of the form (2.2) with respect to N is a random variable I,(f), defined by

Ir(f) == Z fofl(w)]v((tj—l At t At] X A§71)~

k=1 j=1

Note that, for every f € Mﬁtep([o, T|x Z; P, E), I7(f) is linear with respect to f and satisfies the

following inequality, see Lemma C.2 in [3] and, for related results, a recent paper [10] by Dirksen,

(2.3) El(Nl < CE [ [ (sl vld) s

where C' is the same constant as the one in the martingale-type-p property of the space E. Moreover,
the process I;(f), t € [0,T] is an E-valued, mean 0 and cadlag F-martingale.

The definition of the It6 integral can be in a straightforward way extended to the set MP([0, T x
Z;P; E). As usual, for f in that class, the value of this extension will be denoted by Ir(f) and
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called the It6 integral of f with respect to the compensated Poisson random measure N. Moreover,
for f € MP([0,T] x Z;P; E), the Ité integral from 0 to ¢ is defined by

//fsz (ds,dz) = Ir(Lqf), te€[0,T].

Let f € MP([0,T] x Z;P; E). It was shown in [3] and [39] (see also [32] for the case p = 2) that
the process I;(f), t € [0,T] is a cadlag p-integrable F-martingale with mean 0. In particular, I;(f)

has a modification which has P-a.s. cadlag trajectories and satisfies the following inequality

(2.4) E|L(f E\//fsz dsdz\p<CE//yfszyp (dz)ds

From now on, while considering the stochastic process fo Sz f f(s,2)N(ds,dz), t € [0,T], we will

assume that it has P-a.s. cadlag trajectories.

Remark 2.7. We have defined the Ito integral for integrands belonging to the class
MP(]0,T] x Z:P; E) of predictable processes. One should note that in the paper [3] by the second
and third authors, the integral is defined for an analogous class of progressively measurable processes.

See also [32]. This approach is also discussed in section § of the present paper.

If 7 is a stopping time with P{r < T} = 1, we may set, for w € €,

(2.5) L(f)(w) = It(f)(w) with t = T(w).
Analogously, we shall also use the notation I, ( fo I, f ds ,dz). In this case, one can
show that

(2.6) //fsz (ds,dz) // (0+1(5)f(s,2) N(ds,dz), P-as..

Remark 2.8. Note that since T is a stopping time (without any additional property), the random
Process

Lo :[0,00) X w3 (s,w) = Lo (s) € [0,1]
is predictable, see the comment after [30, Definition IV.5.3] or Proposition 4.6 in [24]. Hence,
provided that the process f belongs to MP([0,T] x Z; 75; E), the process Lo, f belongs to that space
as well. In particular, the integral on the RHS of (2.6) is well defined.

Let us observe that for every stopping time 7 with P(7 < co) = 1, we have

(2.7) /W/fsz (ds,dz) // 0-1(s) f(s,2) N(ds,dz), te[0,T].

We will also need the following result about the integral fg [ f(s,w,z)N(ds,dz)(w), which is
defined, for every w € 2, as Bochner integral with respect to measure N(ds,dz)(w) on [0,¢] x Z.
For the notion and properties of a point processes let us refer the reader to [17], [4] or [39]. Let
us assume that 7 is a stationary Poisson point process on (Z, Z) with the intensity measure v, see
[31, Theorem 54| for the existence of such a process. For simplicity of notation, the Poisson random
measure associated to the Poisson point process 7 will be still denoted by N. We use the notation
N(t,A) = N(t,A) —tv(A), t >0, A € Z to denote its compensated Poisson random measure.
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Proposition 2.9. If T € (0,00)U{oc} and f : [0,T]xQx Z — E is a B([0, T]) @ Fr & Z-measurable
function and

(2.8) E/T/ £(5,2)|m N(ds, dz) < 0o

then we have for every t € [0,T],

(2.9) //fswz (ds,dz)( Zfswwsw)l?—a.s.

s<t

Proof. Note that for every B([0,T]) ® Fr ® Z-measurable function satisfying (2.8), one can always
find a set Qp with P(€p) = 1 and a sequence {f"} of simple functions on [0,7] x Z of the form
Yo xilp, v; € E and B; € B([0,T]) ® Z such that |f"(t,w,z) — f(t,w,z)|p decreases to 0 as
n — oo, for all (¢,z) € [0,T] x Z, for all w € Q. It can be easily verified that (2.9) holds true for
every simple function of the form Y ", a;1p,. O

3. STOCHASTIC CONVOLUTION

In this section, we continue to assume that FE is a separable Banach space of martingale type
p, where p € (1,2]. Let (S(¢))i>0 be a contraction Cp-semigroup on E with the infinitesimal
generator A. Let us denote by R(\, A) = (A — A)~%, XA > 0, the resolvent operator of A and by
Ay = MA(M — A)~! the Yosida approximation of A. It is well known that A is a bounded operator
on E and Ayx — x, as A — oo, for z € A and AR(\, A)x — x, as A — oo, for all z € E. Moreover,
AR(M\, A)x € D(A), for all z € E.

Suppose that & € MP([0,T] x Z;P; E) and N is a compensated Poisson random measure corre-
sponding to the point process m = (7(t))s>0. The aim of this paper is to study the path properties

of the stochastic convolution process u defined by

t
(3.1) u(t) = / / S(t — $)E(s, 2) N(ds, dz), ¢ € [0,T].
0 Jz
Now let us consider Problem (1.2), which for the convenience of the reader we rewrite below.

du(t) = Au(t dt—i—/ftz N(dt,dz), te][0,T],
(3.2)
u(0) = 0.
In this chapter we will study the above Question under a stronger assumption on the process &, i.e.
that £ € MP([0,T] x Z;P; D(A)).

Definition 3.1. Suppose that & € MP([0,T] x Z; P;D(A)). A strong solution to Problem (3.2)
on the time interval [0, T] is a D(A)-valued F-adapted stochastic process (u(t))icpo,r) with E-valued
cadlag trajectories such that

(1) u(0) =0 a.s.

(2) For anyt € [0,T] the following equality holds P-a.s.

(3.3) u(t) = /Au ds+//£sz (ds, dz).



8 JIAHUI ZHU, Z. BRZEZNIAK AND E. HAUSEBLAS

Similarly we can define a strong solution to Problem (3.2) if T = oo and & € M, ([0,00) x
Z;P;D(A)).

Lemma 3.2. Assume that &€ € MP([0,T]x Z; P; D(A)) for some T > 0. Then the process u defined
by

t
(3.4) u(t) = / / S(t— $)€(s, 2) N(ds, dz), ¢ > 0,
0 JZ
is a unique strong solution of Fquation (1.2). In particular, u has E-valued cadlag trajectories.

Proof. Let us fix T > 0 and t € [0,7]. Define a function F' : [0,¢] x E > (s,z) — S(t—s)z € E. By
the continuity of F' and the F ® Z-predictability assumption on £, we infer that the composition

mapping
[Oat] XQxZ> (s,w,z) = (87§<37w72)) = F(s7§(87w7z)) =)

is F ® Z-predictable. So the process S(t — s)&(s, z) belongs to MP([0,T] x Z;P; E). Hence, the

process defined by
//S(t—s)g(s,z)ﬁ(ds,dz), re 0,4,
0 Jz

is a F-martingale on [0,¢], see [39]. Therefore, u(t) is Fi-measurable. Since { € MP([0,T] x
Z;P;D(A)) and R(\, A)A = AR(\, A) — I on D(A), we infer

R(A, A)/O /ZAS(t —5)&(s, z) N(ds,dz) = AR(A, A)/O /ZS(t —5)&(s,z) N(ds,dz)

—/Ot/ZS(t—s)f(s,z)N(ds,dz).

It follows that u(t) € D(A).
Next we shall show that

(3.5) A/t/ S(t — $)€(s, 2) N(ds, dz) / /AS (t — $)E(s,2) N(ds, ), P-as..

Let us take h € (0,t). By applying (2.4), we find

‘ //St—s 5,2) ~(ds,dz)—/t/AS@—s)g(s,z)z(r(ols,dz>E
§2PE‘A/ /S(t—s)f(s,z N(ds,dz) //St—s S, %) (ds,dz)i
+2GE [ ] 1AS( - 9)e(s z)—%(S(h) I)S(t—s)f(s,z)E v(dz) ds
(3.6) = I(h)+II(h

Clearly, the integrand ’AS(t —5)&(s,2) — %(S(h) - I)S(t — 5)&(s, z)‘]; of II(h) is bounded by a

function C|A&(s, 2)|%, with some constant C, and it converges to 0 pointwise on [0,¢] x Q x Z. It
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follows from the Lebesgue Dominated Convergence Theorem (Lebesgue DCT for short) that II(h)
converges to 0 as h N\, 0. Hence (3.5) holds. Therefore, applying Fubini’s Theorem, see [39], gives

/Au ds_///ASs—r (r, 2)N (dr, dz) ds
_ /0 /Z / AS(s — 1)€(r, 2) ds N(dr, dz)
- /0 t /Z £(r,2) N(dr,dz), P-as.

from which we can also see that u is a cadlag process. The uniqueness of the solution follows from
a standard argument, see arXiv:1005.1600v4 or [39] for more details. U

4. MAXIMAL INEQUALITIES FOR STOCHASTIC CONVOLUTION
From now on we make the following assumptions on the Banach space FE.

Assumption 4.1. Suppose that (E, H) is a real separable Banach space and p € (1,2]. In addition
we assume that the Banach space E satisfies the following condition:

There exists a norm | - |g on E which is equivalent to | - |, and numbers q € [p,00) such that the
function ¢ : E > x — |z|% € R, is of class C? and there exist constants ki, ko such that for every
x € E, the first the second Fréchet derivatives of ¢ satisfy, respectively, |¢'(z)| < kl\x|qE_1 and
¢ ()] < kolx|% 2, for all z € E.

Assumption 4.2. The Cy semigroup S(t), t > 0 on E is of contraction type with respect to the

norm | - |g from Assumption 4.1.

Now we proceed with the study of the stochastic convolution
t ~
(4.1) u(t) = / / S(t—s)&(s,z)N(ds,dz), t € [0,T],
0 Jz

provided T > 0 and the process £ belongs to the space MP([0,T] x Z; P; E).
Let us now formulate our main result a proof of which will be presented at the end of this section
and preceded by two Lemmata: 4.7 and 4.8.

Theorem 4.3. Suppose that (E,| . |) s a real separable Banach space satisfying Assumption 4.1,
with numbers p € (1,2] and q € [p,00) and S(t), t > 0 is a Cy semigroup on E satisfying Assumption
4.2. Assume that & € M}, ([0, 00) x Z;P; E) and in fact that

E(/OT/Z|§(S,Z)|pN(ds,dz))g, T>0.

Then there exists a separable and cadlag modification @ of the process u defined by formula (4.1).
Moreover, for every ¢' > q, there exists a constant C independent of the process £, such that for

every stopping time 7 > 0 and every t > 0,

SIEN

(4.2) E sup \ﬂ(s)lq/ <CE </0tAT/Z 1€(s, 2) P N(ds,dz))

0<s<tAT
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Before proceeding with proofs, let us point our an important ingredient of the above result, i.e.
the cadlg property of the stochastic convolution process u. This topic has attracted recently an
attention even in the Hilbert space setup because of the counterexample presented in [7] and a

positive result given in [22].

Remark 4.4. It is worth pointing out that since by |9, Proposition 3.6|, every adapted and stochas-
tically continuous process on an interval [0,T] has a predictable version on [0,T], we conclude that
the process u(t), t > 0 has a predictable version. Henceforth, when we study the stochastic con-
volution process, we refer to the version of it that is cadlag and its supremum over every compact

interval [0, T is Fp-measurable.

Remark 4.5. It can be proved, see Appendix A, that if the real separable Banach space E satisfies
Assumption (4.1), then E is of martingale type p, for all p € (1,2]. Hence the stochastic convolution
process (4.1) is well defined for ¢ € MP([0,T] x Z;P; E) and in particular, if ¢ € MP([0,T] x
Z;P;D(A)), then (4.1) is a unique strong solution of equation (1.2) by Lemma 3.2.

Remark 4.6. Note that if O is a domain in R™ with Lipschitz boundary 0O, then the Sobolev spaces
H*"(O) with r € [2,00) and s € Ry satisfy Assumption (4.1) and the Lebesque L"(O)-spaces with
r > 2 also satisfies Assumption (4.1).

Before proving the main theorem, we first need the following Lemmas.
Lemma 4.7. If Assumptions 4.1 and 4.2 are satisfied, then for all x € D(A),
¢ (z)(Ax) < 0.

Proof. This follows immediately from the fact that the function ¢ — ¢(S(¢)z) is decreasing and

WEWDN  _ (5(0)) (A) = ¢'(2)(A).
i t=0

0
In the remainder of this section we will always assume that Assumptions 4.1 and 4.2 are satisfied.

Lemma 4.8. Suppose that & € MP([0,T] x Z; P; E) for some T > 0. Then there exists a version
 of the process u defined by equality (4.1) such that the function sup,c(o 1 |u(t)| is Fr-measurable.

Proof. According to Remark 4.5, we can take p € (1,2]. Let us fix T' > 0 and that £ € MP(]0,T] x
Z;P; E). By applying the inequality (2.4) we have, for 0 <r <t < T,

Em@y;mm@gzmaKiésa—@a&gﬁmawgz
-%ﬁEtéié(S@—s)—S&—sngﬁﬁﬂV@&d@i

T
gT@EAKLMM@M@@%wwﬂs

T
(4.3) + QPCPIE/O /Z L0, (S(t = s) = S(r — 5))&(s, 2) [} v(dz) ds.
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Clearly, both terms on the right hand side of above inequality converge to 0 as t \,r or r  t.
Therefore, we conclude that the process u is stochastically continuous. Hence, as the space F is
separable, according to Theorem 5.3 in [38], we can find a version @ of w which is separable. That
is there exists a countable subset T which is dense in [0,77] such that u(t) belongs to the set of
partial limits {limsery st u(s)}, for all t € [0, T]\Tp. Hence

sup |u(t)] = sup lim |a(sp)| = sup |u(sp)l-
>0 te[0,1] Sn—t:sn€To sn€To

Since sups, ey [U(sn)| is Fr-measurable, we deduce that the function sup, |u(t)| is also Fr-

measurable. 0
We now ready to embark on the proof of the main result.

Proof of Theorem 4.3. Let us first notice that because the original norm | - | is equivalent to the
norm | - |g, it is sufficient to prove inequality (4.2) with the latter norm, i.e.

/
g9

(4.4) E sup |a(s)|% <CE (/OW/ZK(S,Z)@ N(ds,dz)> ’

0<s<tAT

Secondly, let us note that it is sufficient to consider processes defined on a bounded time intervals.
Hence we fix T' > 0 and € € MP([0,T] x Z;P; E). In view of Remark 4.5, let us also fix p € (1, 2]
and let us fix ¢ € [p,00) as in Assumption 4.1.

Case I. We first prove (4.2) for £ € MP([0,T] x Z;P;D(A)). We have shown in Lemma 3.2 that

the process u is a unique strong solution to Problem (3.2) satisfying

(4.5) u(t):/o Au(s)ds—i—/o /Zf(s,z)]\?(ds,dz), tel0,T].

Since the function ¢ : E 3 o — |z|% is of C? class by assumption, one may apply the It6 formula
from [15], see also [39, Theorem 3.5.3 |, to the process u given by (4.5) and get, for ¢ > 0,

/ ¢ (u(s))(Au(s)) ds +/ / ¢ (u 5,2)) N(ds,dz)
(4.6) / / ) 4 €(5,2)) — Blu(s-)) — ¢ (u(s—)) (s, 2))] N(ds, dz) Peas..
Let 7 > 0 be a stopping time. Since by Lemma 4.7, ¢'(z)(Az) <0, for all x € D(A), we infer that
u(t A 7)) < / / 10.71(8)6 (u(5—)) (€5, )) N (ds, dz)
(4.7) / ' / )+ £(5,2)) — du(s—)) — & (uls—))(E(s. 2))] N(ds, dz)
= (t) + L(t) P-as., t>0.

Note that [;(¢) is an R-valued local martingale. Applying the real-valued version of Burkholder-

Davis-Gundy inequality, see [20, Proposition 15.7], to the process I} we deduce for some constant
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C that
B s [1(0)s (/ [ 1066 ws e <s,z>>|%N<ds,dz>)2
:CE( Lo (s u<s—>><s<sm<s>>>\%)5
t<T
(48) < CE( Y Lion (916 (uls—) (s, (o)1)

t<T

=0x ([ [ 1l -6 )i N s, 02

1

TAT ?

<thCE s Ol ([ [l 2 Nas.a)
0<t<TAr 0 z

Next, by applying Holder’s and Young’s inequalities to the process I, we infer

Eswplh{t)le < kO <E[0§§ggml Ol el ) ( </TAT/|53 2)5, N(ds dz)) )3

q-— 1 ‘ 1 TAT » %
(4.9) < kC eE sup |u(t)|% —E £(s, 2)|'; N(ds,dz)
ei™q 0 z

q 0<t<TAT

A

To estimate the integral I5(t), we observe first that for every ¢ > 0,
B0l < / ' / [Bluts—) + €05, 2)) — Blu(s-) — & (u(s-))(€Gs, )|, N(ds, d2)
)<¢>( (s—=) +&(s,m(s))) — plu(s—)) —¢’(U(S—))(€(8,W(8)))’E P-a.s..

s€(0, tAT]mD( )

Since the function ¢ is of C? class by the assumption, applying the mean value Theorem, see [8],
to the function ¢, for each s € [0,¢ A 7] we have

ou(s-) + €65, 7))~ dluts )|, < [ s n(o)ls

E

¢ (u(s—) + 9{(8,7?(3)))’ d6.

L(E)
Since |z + Oy|p < max{|z|g, |z + y|g} for all z,y € E and 6§ € [0,1], and, by Assumption 4.1,
¢/ ()] < K1|z|% ", & € E, we infer

¢ (u(s—) + Hf(s,w(s)))’E(E) < k1|u )+ 0&(s,m(s)) qul

< k1 max {|u(s—) qul, }u )+ &(s,7( ‘
Observe that for all 0 < s <t AT,
-1 -1 -1
lu(s=)IE " < sup Ju(r=)|E < sup Ju(t)|f
0<r<tAT 0<t<TAT

Moreover, since u(s—) + &(s,m(s)) = u(s), for s € (0,t A 7] N D(x), we have

-1 -1 -1
lu(s—) +&(s,m(s)|5 < sup Ju(r)|p ™ < sup  Ju(t)| -
0<r<tAr 0<t<TAT
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Therefore, we deduce that for each s € [0,¢ A 7],

‘¢(U(S*)+§(Saﬂ(5)))*¢>(U(8*)) < kilé(s,m(s))lm sup  fult)]f

E 0<t<TAT

It follows that
[9(u(s=) +§(s,m(s))) = Bluls=)) — &' (u(s=))(E(s 7(s)|
< |#luls=) + £(s.7(5)) = ouls=)|_+

< 2kfé(s,m()lp sup fulbl

<t<TAT

¢'(u(s=))(§(s, 7(s)))

E

On the other hand, we can also find some 0 < § < 1 such that
9(u(s-) + (s, m(s))) — Bluls-)) — &' (wls=)) (€(s, 7(5))]
< leCs, M1 () + 55, ()] < e, m(5)) () + 65, m(s))[% >

Hence, a similar argument as above, we obtain for s € [0,¢ A 7],

[0(us—) + €(s,7(5))) — Bluls—) — & (u(s=)) (s w())| | < LleCs, mE sup [u(t)[$.

E 2 0<t<TAT

Thus, with K = (2k1)2_p(k—22)p_1, we have

[olu(s—) +&(s,7(5))) — Blu(s—) — &' (uls—)(E(s, 7(5)))

2—p k o p—1
< <2k1!€(877r(8))\15 sup  [uf(t) %_1) (;lf(sm(S))\% sup  [uf(t) %_2>
0<t<TAT 0<t<TAT

< K[(s,m(s)p sup  [u(®)|E "
0<t<TAT

Hence, by Proposition 2.9, we get

> (¢>(U(S—) +&(s,m(s))) = dluls—)) — &' (uls—))(&(s, W(S)))‘

s€(0,tAT]IND(7)

TNAT
q—p p
<K sw @l [ [ et M),

0<t<TAT

E

Therefore, collecting all these together yields

Bowpla@ls < [ [ [olutr=) +€r,2) - olutr) - a0 )] V)

t>0

TNAT

Ssz|wm¢/ /M@@%me)
0<t<TAT 0 Z

<K (IE S \U(t)!%> . (E (/TAT/ [€(s, 2)lp N (ds, dz)) Z>§

q— P 1 TNAT
<K1"P.E sup lu(t)|% + K </ /]ﬁsz\p dsdz)) :

q 0<t<TAT

(4.10)




14 JIAHUI ZHU, Z. BRZEZNIAK AND E. HAUSEBLAS

where we used again Holder’s inequality and Young’s inequality and the constant K depending
only on k1, k2, p and ¢ . Combining (4.9) and (4.10), we obtain

1 _
E sup |u(t)|f < <k10q + K1 p> eE sup |u(t)|h
0<t<TAT q q 0<t<TAT

(klcgq 1q+K§ LD)E(/OTM/Zyg(s,z)\g N(ds,dz))g.

E 4a
Now we can choose a suitable positive number € such that

1
(klc + qu> £==.
q q 2

Consequently, there exists C' which is independent of A such that

(4.11) E sup |u(s)|l < CE ( /0 " /Z €(s, 2)P, N(ds,dz))g

0<t<TAT

Case II. Now suppose & € MP([0,T] x Z;P; E). Set R(n, A) = (n] —A)~!, n € N. Then we put
£"(t,w, z) = nR(n, A){(t,w, 2) on [0,T] x Q@ x Z. By the Hille-Yosida Theorem, ||R(n, A)|| < 1 and
" (t,w, z) € D(A), for every (t,w, z) € [0,T] x Q x Z. Moreover, £"(t,w, z) — £(t,w, z) pointwise
on [0,T] x Q x Z. Also, we observe that [{" — | = [nR(n, A)§ — €| < 2|¢|. Therefore, by applying
the Lebesgue DCT, it follows that P-a.s.

T
E/ / Lio,7(8) €7 (5, 2) = &(s, 2)| v(dz)ds — 0 as n — oo.
0 Z

Since the Poisson random measure N is a P-a.s. positive and

B[ [ 106 1€70602) ~ €0, ) N5, 020 =B [ [ 100,167(602) = €5 2 a1,

we see that P-a.s.

T
(4.12) / / Loq(8) €7 (s, 2) — &(s, 2)[P N(ds,dz) — 0, asn — oco.
0 Jz

Let us fix n € N. Clearly, " € MP([0,T] x Z; D(A)) and so we may define a process u™ by

"(t) :/0 S(t — s)€™(s, z) N(ds,dz), t € [0,T].

Since by Lemma 3.2, the process u" is a strong solution of equation (1.2) with the process & replaced
by £, we infer that it is an E-valued cadlag. According to inequality (4.11), for every stopping
time 7 > 0 the following inequality holds

E sup MW®W§0E</M</MW&@%N@&®OZ

0<t<TAT

On the other hand, since by inequality (2.4), we have

Eju”(t) — ‘// S(t— $)€"(5.2) — S(t — 5)&(s.2)) N(ds. d2)

p

E

(4.13) < CpE/O /Z\fn(s,z) — (s, 2) 5 v(d2)ds, t € [0,T],
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we deduce that for ¢ € [0,T7], u™(t) converges to u(t) in LP(§2). Moreover, by (4.11), we have

r ;
(4.14)  Esupu"(t) —u™(1)[% < CE < /O /Z (s, 2) — E™(s, )2, N(ds, dz)> .

>0
An argument similar to the one used in (4.12) shows that the right hand-side of (4.14) converges to
0 as n,m — co. Hence, on the basis of Chebyshev inequality and the Borel-Cantelli Lemma, it is
possible to choose a sequence {ny}7°, of natural numbers such that the series of cadlag processes

[e.9]

S (1) — u (1), € [0,7]

k=1
converges, P-a.s., uniformly on [0, 7], to a cadlag process which we shall denote by @ = (%(t))i>0. In
view of Lemma 4.8, we may assume that the process @ is separable. Thus, the function sup; |%(t)[
is also measurable. Moreover, we have
(4.15) Eigg |u(t) —a(t)|%, — 0, asng — oco.

Therefore, by the Minkowski Inequality and inequality (4.11), we have

1

1
< [E sup |a(t) —u"™ (t)’qE} t+ [E sup |Unk(t)’%} !
0<t<TAr 0<t<TAr

Q=

B sup jac[]
0<s<TAT

1 TAT a-1
<[E_sw fat) - um ] + [CB( [ [ s 2l Nds a)]
0<t<TAT 0 z
where the constant C' does not depend on the operator A and so remains the same for every n. It

follows by letting ni — oo in above inequality that

E sup |a(t) < CE(/OTAT/Z|£(s,z)l%N(ds,dz)>Z.

0<t<TAT

Also, by Minkowski inequality and Holder’s inequality we have for every ¢ > 0,

1

(Efi(t) — u(t)y) > < (Bla(t) — u" (t))? + (Blut) — u™* (t)[%)?

< (Elia(t) — u™ ()]%) 7 + (Elu(t) — u™ (1)[3)

1

< <E sup |a(t) —u"k(t)|qE>q + (Elu(t) — u™(t)[})? .

D=

B =

0<t<T

Letting n — oo, it follows from (4.13) and (4.15) that u(t) = a(t) in LP(Q2) for any ¢t > 0. This
shows the inequailty (4.2) for ¢ = q. The case ¢’ > ¢ follows from the fact that if Banach space E

satisfies Assumption 4.1 for some ¢, then Condition 1 is also satisfied with ¢’ > q.
O

The following result could be derived immediately from the proof of the above result.

Corollary 4.1. Let E be a Banach space satisfying Assumption 4.1. Then the stochastic convolu-

tion process u has a cadlag modification.
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Corollary 4.2. Let E be a Banach space satisfying Assumption 4.1. Let /2 < p < 2. Then for any
n € N with p™ > q, there exists a constant C = C(E,n) such that for every £ € (\j_; MIOC([O, 00) X
Z;P; E) and for every stopping time T > 0 and t > 0,

(4.16) E sup |a(s)]2 <C Zn: </MT/|£SZ|P (dz)d > _k,

0<s<tAT

where U s a separable and cadlag modification of u as before.
Two essential ingredients of that proof are formulated below.

Lemma 4.9. Let E be a martingale type p Banach space, 1 < p < 2, satisfying Assumption
4.1. Let 7 > 0 be a stopping time. For any q > q, there exists a constant C such that, for all
& e MY ([0,00) x Z;P; E), we have

//f?‘z drdz)qE<C’E</MT/|€Sz|E (dsdz)) > 0.

This result is a special case of Theorem 4.3 with S(t) =1, ¢t > 0.

<R

(4.17) E sup

0<s<tAT

Lemma 4.10. Let /2 < p < 2. For any n € N there exists a constant D,, > 0 such that for any

process
fe ﬂ/\/lloc ) x Z; P;R),

and all t > 0 and stopping times T > 0, the following inequality holds

[ [ s drdz’“<D§E</W/|fsz,py<dz> w)"

The proof of Lemma 4.10 is similar to the proof [2, Lemma 5.2] or [36, Lemma 4.1] and hence it
will be omitted.

(4.18) sup
O<s<t/\7‘

Proof of Corollary 4.2. Let us take n € N. By applying first Theorem 4.3 and next Lemma 4.10
when £ € MP([0,T] x Z:P; E), we deduce that for all ¢ € [0,T],

E sup |a(s)s < CE</0t/z|§(s,z)\%N(ds,dz)>p

0<s<t
pnfl
2" OR </t/ €(s,2)E N(ds,dz))

CE(//\gszyp (d2)d ) :

n—k

n)iE(//KszV’ (dz)d >p

k=1

IN

IN
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Here, we used in the third inequality Lemma 4.10 with f replaced by real-valued process £ such
that

n—1
€l € () M(0,00) x Z; P;R).
k=1

This completes the proof of Corollary 4.2. O

5. EXTENSION TO PROGRESSIVELY MEASURABLE INTEGRANDS

Corollary 4.2 can be generalized to integrands which are progressively measurable processes. Let
us recall that a process € : [0, T]xQx Z — FE is F® Z-progressively measurable, if £ is BF®Z/B(E)-
measurable, where, see [38, section 6.5], BF is the o-field consisting of all sets A C [0,7] x Q such
that for every ¢ € [0,T7], the set AN ([0,t] x Q) belongs to the sigma field Bjg, ® F;. Note that
BF ® Z is the o-field generated by a family of all sets A C [0,7] x Q x Z such that for every
t € (0,7, the set AN ([0,¢] x Q x Z) belongs to the sigma field Bjg g ® F; ® Z.

For p € [1,00), the set of all of p-integrable BF ® Z-progressively processes  : [0,T] x Qx Z — E
will be denoted by

MP([0,T] x Z; BF @ Z; F)

and the Banach space of all equivalence classes of p-integrable BF ® Z-progressively processes
€:]0,T] x Qx Z — E will be denoted by

MP([0,T] x Z; BF ® 2; E).

As noted in Remark 2.7, the It6 integral with respect to a compensated Poisson random measure
of processes from the class has been introduced in [3], see also [39, Theorem 3.2.27]. The following
follows from [39, Theorem 3.2.27].

Proposition 5.1. If p € [1,00) and a progressively measurable process £ : [0,T] x Q@ x Z — E
belongs to MP([0,T] x Z; BF @ Z; E) then there exists a sequence of caglad step functions &, €
M., ([0,T] % Z;P; E), such that £, — € in &€ € MP([0,T] x Z; BF ® Z;E), as n — oc.

Corollary 5.1. Let E be a Banach space satisfying Assumption 4.1. Let /2 <p <2 and n € N
such that p™ > q. Then for for every £ € ﬂzlepk([O,T] X Z;BF ® Z; E) there exists a process
u which is a separable and cadlag modification of the stochastic convolution process u defined, as
before, by (3.1). Moreover, there exists a constant C = C(E,n) independent of &, such that for
every stopping time T and t € [0,T], inequality (4.16) holds true.

Proof. By Proposition 5.1, there exists a sequence {¢; : i € N} C OZ:1M§:ep([OvT] x Z;P; E) of
caglad processes convergent to £ in ﬂ'g:l/\/lpk([O, T| x Z; BF ® Z; E). By Theorem 4.3, for every i,

the exists a separable cadlag modification ; of the process u; being the solution of the Problem

(5.1) u;(t) :/0 /ZS(t — 5)&i(s,2)N(ds,dz), t € [0,T].
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which satisfies

n n—=k

" tAT & p
(52) E swp |u) <C ;EUO /Z|£i(s,z)% u(dz)ds> tefo,7], IeN.

0<s<tAT

and, for all 7,j € N,
(5.3)

—k

n tAT P"
E sup |a(s)— ﬁj]%n <C ZE </0 /Z|§i(s,z) - fj(s,z)\’f; V(dz)ds> , t€[0,T], leN.
k=1

0<s<tAT

Arguing as in the proof of Theorem 4.3 we can conclude the proof. O

6. FINAL COMMENTS

Inequality (1.1) can also be derived by the method used by the third named author and Seidler
in [14], see as inequality (4) therein. These authors used the Szekofalvi-Nagy’s Theorem on unitary
dilations in Hilbert spaces. However, this method works only for analytic semigroups of contraction
type while the results from the current paper are valid for all Cy semigroups of contraction type.
Let us now formulate the following result whose proof is a clear combination of the proofs from
[14] and [12]. For the explanation of the terms used we refer the reader to the latter work. Similar

observation for processes driven by a Wiener process was made independently by Seidler [34].

Theorem 6.1. Let E be a martingale type p Banach space, where 1 < p < 2. Let —A be a
generator of a bounded analytic semigroup in E such that for some 0 < %W, the operator A has a
bounded H*(Sy) calculus. Then, for any 0 < ¢’ < oo, there exists a constant C' such that for all
Ee M ([0,00) x Z; P; E) and for every stopping time T > 0, we have

loc

(6.1)
s - q tAT %
Eogi??m /0 /ZS(S —1r)¢(r,z) N(dr,dz) ; <CE </0 /Z €(s, 2)|% N (ds, dz)> , t>0.

The following result could be derived immediately from the proof of above theorem.

Corollary 6.1. Let E be a martingale type p Banach space, where 1 < p < 2. Let —A be a
generator of a bounded analytic semigroup in E such that for some 6 < %71' the operator A has a
bounded H*(Sy) calculus. Then, the stochastic convolution process u defined by (1.1) has cadlag

modification.

APPENDIX A. APPENDIX

Definition A.1. A Banach space E with norm || - || is of martingale type p, for p € (1,2] if and
only if there exists a constant Cp(E) > 0 such that for any E-valued discrete martingale { My},
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the following inequality holds

(A.1) E||M,|? < Cp(E) Y B[ My — My_q|?,
k=0
with M_1 = 0 as usual.

The following definition of 2-smooth Banach spaces in terms of asymptoticity of the modulus of

smoothness of the norm can be found in [28] and [29].

Definition A.2. A Banach space E is p-smooth if there exists an equivalent norm defined by the

modulus of smoothness of (E, || - 1|)

1
pe(t) = sup{g (o +tyll + [lz — ty[l) =1+ [l«]l = [lyll = 1}

satisfying pp(t) < KtP for allt > 0 and some K > 0.

Remark A.3. A Banach space is of martingale type p if and only if it is p-smooth, see [28]. Hence
all spaces LY(u), for q € [p,o0) and q > 1 with an arbitrary positive measure p are of martingale
type p. Note that any closed subspaces of martingale type p spaces are of martingale type p. So the
Sobolev spaces W4, for q € [p,00) and k > 0 are of martingale type p.

The following Lemma can be found in [37].

Lemma A.4. A Banach space E is p-smooth, 1 < p < 2, if and only if the Fréchet derivative of

the norm function x — ||z||P is globally (p — 1)-Hélder continuous on E.

Lemma A.5. If a real separable Banach space E satisfies Assumption (4.1), then E is of martingale
type p, for all p € (1,2].

Proof of Lemma A.5. see [29] It is sufficient to consider the case p = 2, see [29]. Let E be a Banach
space with norm || - ||. We assume that ¢ > 2 and that the function

Yp:Esz—|z[|?€R
is of C?-class and satisfies the standard assumptions, i.e.

19/ (@)l < Cull|17h, [l ()| < Collz]|"72, = € E.

We consider a function

p:Es>z—|z||? €R.
We claim that ¢ is of C*! class and of C? class on E'\ {0}, and ¢’ is globally Lipschitz continuous

on E.
To see this, observe first by chain rule that for any =z € E \ {0},

¢ (x) = Z[W)ﬁ‘lw'(m.

Thus,

2
q

I¢/ @) < C(llal|) e ]| = Cllall,
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In particular, lim,_,o ||¢'(x)|| — 0 and thus ¢ is differentiable at 0 and dy¢ = 0.
Applying the chain rule again, we have for z € E \ {0}
#'() = 2C = D@)] @) 99 (@) + - [B@)] @)
As above, using the assumptions of the derivatives of 1) we infer that there exists C' > 0 such that
16" (@)l < C, =€ E\{0}.
For any x,y € F \ {0}, by applying the mean value Theorem, see e.g. [8], we have

1¢'(2) — &' ()]l = l¢"(O)(z —y)Il < Cllz =y,
where the point 6 lies on the same line segment between z and y. Hence the first derivative ¢’

is globally Lipschitz continuous. By applying Lemma A.4, we infer that the Banach space FE is
2-smooth and hence it is of martingale type 2. O
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